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ARITHMETIC AND DYNAMICAL DEGREES OF
SELF-MORPHISMS OF SEMI-ABELIAN VARIETIES
YOHSUKE MATSUZAWA AND KAORU SANO
Abstract. We prove a conjecture by Kawaguchi-Silverman on
arithmetic and dynamical degrees, for self-morphisms of semi-abelian
varieties. Moreover, we determine the set of the arithmetic degrees
of orbits and the (first) dynamical degrees of self-morphisms of
semi-abelian varieties.
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1. Introduction
Let X be a smooth projective variety and f : X 99K X a rational
self-map, both defined over Q. Silverman introduced the notion of
arithmetic degree in [18], which measures the arithmetic complexity
of f -orbits. Fix a Weil height function hX associated with an ample
divisor on X . Consider a point x ∈ X(Q) such that for all n ≥ 0,
fn(x) is not contained in the indeterminacy locus of f . The arithmetic
degree of f at x is
αf (x) = lim
n→∞
max{hX(f
n(x)), 1}1/n
provided that the limit exists.
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In [8], Kawaguchi and Silverman proved that when f is a morphism,
the arithmetic degree αf(x) always exists and is equal to either 1 or
the absolute value of one of the eigenvalues of f ∗ : N1(X)⊗ZR −→
N1(X)⊗ZR, where N
1(X) is the group of divisors modulo numerical
equivalence.
When f is dominant, it is conjectured in [18], [9, Conjecture 6]
that the arithmetic degree of any Zariski dense orbits are equal to
the first dynamical degree δf of f (cf. Conjecture 2.9). This is the
Kawaguchi-Silverman conjecture, and we abbreviate it as KSC. Here,
the first dynamical degree is a birational invariant of f which mea-
sures the geometric complexity of the dynamical system. For a surjec-
tive morphism f , δf is equal to the spectral radius of the linear map
f ∗ : N1(X)⊗ZR −→ N
1(X)⊗ZR.
Let A(f) be the set of the arithmetic degrees of f , i.e.
A(f) = {αf(x) | x ∈ X(Q)}.
Determining the set A(f) for a given f is an interesting problem. In [14,
Theorem 1.6], Shibata and we proved that for any surjective morphism
f , there exists a point x ∈ X such that αf(x) = δf . When X is a
toric variety and f is a self-rational map on X that is induced by a
group homomorphism of the algebraic torus, the set A(f) is completely
determined [18, 12].
When X is quasi-projective, the arithmetic degrees and dynamical
degrees can be defined by taking a smooth compactification of X . In
this paper, we prove KSC for self-morphisms of semi-abelian varieties
and determine the set A(f).
Theorem 1.1. Let X be a semi-abelian variety and f : X −→ X a
self-morphism (not necessarily surjective), both defined over Q.
(1) Suppose f is surjective. Then for any point x ∈ X(Q) with
Zariski dense f -orbit, we have αf (x) = δf .
(2) For every x ∈ X(Q), the arithmetic degree αf(x) exists. More-
over, write f = Ta ◦ g where Ta is the translation by a point
a ∈ X(Q) and g is a group homomorphism. Then A(f) = A(g).
(3) Suppose f is a group homomorphism. Let F (t) be the monic
minimal polynomial of f as an element of End(X)⊗ZQ and
F (t) = te0F1(t)
e1 · · ·Fr(t)
er
the irreducible decomposition in Q[t] where e0 ≥ 0 and ei > 0
for i = 1, . . . , r. Let ρ(Fi) be the maximum among the absolute
values of the roots of Fi. Then we have
A(f) ⊂ {1, ρ(F1), ρ(F1)
2, . . . , ρ(Fr), ρ(Fr)
2}.
More precisely, set
Xi = f
e0F1(f)
e1 · · ·Fi−1(f)
ei−1Fi+1(f)
ei+1 · · ·Fr(f)
er(X).
3Define
Ai =

{ρ(Fi)} if Xi is an algebraic torus,
{ρ(Fi)
2} if Xi is an abelian variety,
{ρ(Fi), ρ(Fi)
2} otherwise.
Then we have
A(f) = {1} ∪A1 ∪ · · · ∪Ar.
Remark 1.2. Actually, in the situation of Theorem 1.1 (3), f is con-
jugate by an isogeny to a homomorphism of the form
f0 × · · · × fr : X0 × · · · ×Xr −→ X0 × · · · ×Xr
where A(f0) = {1} and A(fi) = {1} ∪ Ai for i = 1, . . . , r.
We can characterize the set of points whose arithmetic degrees are
equal to 1 as follows (cf. [17] for related results).
Theorem 1.3. Let X be a semi-abelian variety and f : X −→ X a
surjective morphism both defined over Q. Write f = Ta ◦ g where Ta
is the translation by a ∈ X(Q) and g is an isogeny. Suppose that the
minimal polynomial of g has no irreducible factor that is a cyclotomic
polynomial. Then there exists a point b ∈ X(Q) such that, for any
x ∈ X(Q), the following are equivalent:
(1) αf (x) = 1;
(2) # Of(x) <∞;
(3) x ∈ b+X(Q)tors.
Here X(Q)tors is the set of torsion points.
Remark 1.4. It is easy to see that when f is an isogeny, we can take
b = 0.
Remark 1.5. If the minimal polynomial of g has irreducible factor
that is a cyclotomic polynomial, then one of fi in Remark 1.2 (applied
to f = g) has dynamical degree 1.
To prove the above theorems, we calculate the dynamical degrees of
self-morphisms of semi-abelian varieties.
Theorem 1.6. Let X be a semi-abelian variety over an algebraically
closed field of characteristic zero.
(1) Let f : X −→ X be a surjective group homomorphism. Let
0 // T // X
pi
// A // 0
be an exact sequence with T a torus and A an abelian variety.
Then f induces surjective group homomorphisms
fT := f |T : T −→ T
g : A −→ A
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with g ◦ pi = pi ◦ f . Then we have
δf = max{δg, δfT }.
Moreover, let PT and PA be the monic minimal polynomials of
fT and g as elements of End(T )Q and End(A)Q respectively.
Then, δfT = ρ(PT ) and δg = ρ(PA)
2.
(2) Let f : X −→ X be a surjective homomorphism and a ∈ X a
closed point. Then δTa◦f = δf .
Remark 1.7. The description of δfT in Theorem 1.6(1) is well-known
(see for example [18]).
The outline of this paper is as follows. In §2, we fix our notation,
give the definitions of the dynamical and arithmetic degrees, and sum-
marize their basic properties for later use. In §3, we prove a lemma
that says every homomorphism of a semi-abelian variety “splits into
rather simple ones”. In §4, we prove our main theorems for isogenies of
abelian varieties. We use these to prove the main theorems. In §5.1, we
calculate the first dynamical degrees of self-morphisms of semi-abelian
varieties and prove Theorem 1.6. In §5.2, we prove Theorem 1.1 and
1.3.
2. Notation and Preliminaries
2.1. Notation. In this paper, the ground field is either Q or an ar-
bitrary algebraically closed field of characteristic zero. A variety is a
separated irreducible reduced scheme of finite type over an algebraically
closed field k. Let X be a variety over k and f : X 99K X a rational
map. We use the following notation:
CH1(X) the group of codimension one cycles modulo rational equiv-
alence.
N1(X) For a complete variety X , the group of divisors modulo
numerical equivalence is denoted by N1(X).
If the indeterminacy locus of f .
Xf(k) We writeXf(k) = {x ∈ X(k) | f
n(x) /∈ If for every n ≥ 0}.
Of(x) the f -orbit of x ∈ Xf i.e. Of(x) = {f
n(x) | n ≥ 0}.
hD When k = Q, a Weil height function associated with a
divisor D is denoted by hD. We refer to [1, 7] for the
definitions and basic properties of Weil height functions.
ρ(T ) For an endomorphism T : V −→ V of a finite dimensional
real vector space V , the maximum among the absolute val-
ues of the eigenvalues of T is called the spectral radius of
T and denoted by ρ(T ).
ρ(F ) For a polynomial F ∈ C[t], the maximum among the abso-
lute values of the roots of F is denoted by ρ(F ) and called
the spectral radius of F .
MK For a Z-module M and a field K, we write MK = M⊗ZK.
5Ta Let X be a commutative algebraic group and a ∈ X(k) a
point. The translation by a is denoted by Ta.
2.2. Dynamical degrees. Let X, Y be smooth projective varieties
defined over an algebraically closed field of characteristic zero and
f : X 99K Y a (not necessarily dominant ) rational map. We define
pull-back f ∗ : CH1(Y ) −→ CH1(X) as follows. Take a resolution of
indeterminacy pi : X ′ −→ X of f with X ′ smooth projective. Write
f ′ = f ◦ pi. Then we define f ∗ = pi∗ ◦ f
′∗. This is independent of the
choice of resolution.
Definition 2.1. Let f : X 99K X be a dominant rational map. Fix an
ample divisor H on X . Then the (first) dynamical degree of f is
δf = lim
n→∞
((fn)∗H ·HdimX−1)1/n.
This is independent of the choice of H . We refer to [2, 3, 20], [5, §4]
for basic properties of dynamical degrees.
Remark 2.2.
(1) There are another definitions of the dynamical degree. Fix a
norm ‖·‖ on Hom(N1(X)R, N
1(X)R). Then δf = limn→∞ ‖(f
n)∗‖1/n.
When f is a morphism, δf is the spectral radius of f
∗ : N1(X)R −→
N1(X)R. If the ground field is C, this is equal to the spectral
radius of f ∗ : H1,1(X) −→ H1,1(X) (cf. [5, §4]).
(2) Dynamical degree is a birational invariant. That is, if pi : X 99K
X ′ is a birational map and f : X 99K X and f ′ : X ′ 99K X ′ are
conjugate by pi, then δf = δf ′ .
(3) Let X, Y be smooth projective varieties and f : X 99K X ,
g : Y 99K Y dominant rational maps. Then, by definition, it
is easy to see that δf×g = max{δf , δg}.
2.3. Arithmetic degrees. In this subsection, the ground field is Q.
Definition 2.3. Let f : X 99K X be a rational self-map of a smooth
quasi-projective variety.
(1) A point x ∈ Xf(Q) is called f -preperiodic if the orbit Of(x) =
{fn(x) | n ≥ 0} is a finite set.
(2) Fix a smooth projective variety X and an open embedding X ⊂
X . Let H be an ample divisor on X and take a Weil height
function hH associated with H . The arithmetic degree αf(x) of
f at x ∈ Xf(Q) is defined by
αf (x) = lim
n→∞
max{1, hH(f
n(x))}1/n
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if the limit exists. Since the convergence of this limit is not
proved in general, we introduce the following:
αf(x) = lim sup
n→∞
max{1, hH(f
n(x))}1/n,
αf(x) = lim inf
n→∞
max{1, hH(f
n(x))}1/n.
We call αf (x) the upper arithmetic degree and αf(x) the lower
arithmetic degree. The definitions of the (upper, lower) arith-
metic degrees do not depend on the choice of X,H and hH ([9,
Proposition 12] [14, Theorem 3.4]).
(3) Suppose that αf (x) exists for every x ∈ Xf(Q). Then we write
A(f) = {αf (x) | x ∈ Xf (Q)}.
Remark 2.4. By definition, 1 ≤ αf(x) ≤ αf(x). When x is f -
preperiodic, αf (x) = 1.
Remark 2.5. When X is projective and f is a morphism, αf(x) exists
for every x ∈ X [8, Theorem 3].
Lemma 2.6. Let X, Y be smooth quasi-projective varieties and f : X 99K
X, g : Y 99K Y rational maps. Let x ∈ Xf(Q) and y ∈ Yg(Q). If αf(x)
and αg(y) exist, then αf×g(x, y) also exists and
αf×g(x, y) = max{αf(x), αg(y)}.
Proof. It is enough to prove when X, Y are projective. Take ample
divisors HX , HY on X, Y respectively. Fix associated height functions
hHX , hHY so that hHX ≥ 1 and hHY ≥ 1. Then h := hHX ◦pr1+hHY ◦pr2
is an ample height function on X × Y . Then
lim
n→∞
h((f × g)n(x, y))1/n = lim
n→∞
(hHX (f
n(x)) + hHY (g
n(y)))1/n
= max{ lim
n→∞
hHX (f
n(x))1/n, lim
n→∞
hHY (g
n(y))1/n} = max{αf(x), αg(y)}.

Lemma 2.7. Consider the following commutative diagram
Y
g
//❴❴❴
pi

Y
pi

X
f
//❴❴❴ X
where X, Y are smooth quasi-projective varieties, f, g rational maps
and pi a surjective morphism. Let y ∈ Yg(Q) be a point such that
pi(y) ∈ Xf(Q). Then
αg(y) ≥ αf (x)
αg(y) ≥ αf(x).
7Proof. We may assume X, Y are projective. Take an ample divisor HX
on X and fix an associated height function hHX with hHX ≥ 1. Take
an ample divisor HY on Y so that HY − pi
∗HX is ample. Then we can
take a height function hHY associated with HY so that hHY ≥ hHX ◦ pi.
Then
αf (x) = lim sup
n→∞
hHX (f
n(x))1/n = lim sup
n→∞
hHX (pi(g
n(y)))1/n
≤ lim sup
n→∞
hHY (g
n(y))1/n = αg(y).
The second inequality can be proved similarly. 
Lemma 2.8. Consider the following commutative diagram
Y
g
//❴❴❴
pi

Y
pi

X
f
//❴❴❴ X
where X, Y are smooth projective varieties and f, g rational maps. Sup-
pose there exists a non-empty open subset U ⊂ X such that pi : V :=
pi−1(U) −→ U is finite.
Let y ∈ Y (Q) such that y ∈ Yg(Q), x := pi(y) ∈ Xf(Q), Og(y) ⊂ V
and Of(x) ⊂ U . If αg(y) exists, then αf(x) also exists and αg(y) =
αf(x).
Proof. Take an ample divisor H on X and let hH be a height function
associated with H . We choose hH so that hH ≥ 1. Then we have
hH(f
n(x)) = hH(pi(g
n(y))) = hpi∗H(g
n(y)).(2.1)
Here we choose hpi∗H so that hpi∗H = hH ◦ pi.
Let Y
β
// Z
α
// X be the Stein factorization of pi. Then β : V −→
α−1(U) is an isomorphism. Let ν : Z˜ −→ Z be a resolution of singular-
ities that is a composite of blow-ups with center in the singular locus
of Z. In particular, the blow-up centers do not intersect with α−1(U).
Let µ : Y˜ −→ Y be a resolution of indeterminacy of Y 99K Z˜ that is a
composite of blow-ups along smooth centers outside V . The situation
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is summarized in the following diagram:
Y˜
µ
  
  
  
  
 
β˜

❂❂
❂❂
❂❂
❂❂
Y
pi

β

❄❄
❄❄
❄❄
❄❄
Z˜
ν
  
  
  
  
Z
α
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
X .
Then, since ν is a sequence of blow-ups, there exists an effective ν-
exceptional Q-divisor Eν on Z˜ such that
ν∗α∗H − Eν
is ample (cf. [6, II Proposition 7.10]). Also, since Z˜ is smooth, there
exists an effective Q-divisor Eβ˜ on Y˜ that is β˜-exceptional such that
β˜∗(ν∗α∗H −Eν)−Eβ˜
is ample. (To see this, use [10, Lemma 2.62] for example.) Set A =
β˜∗(ν∗α∗H − Eν) − Eβ˜ and E = β˜
∗Eν + Eβ˜. Then A is ample, E is
effective, SuppE ∩ µ−1(V ) = ∅ and µ∗pi∗H = A+ E.
Let y˜ = µ−1(y). Let g˜ = µ−1 ◦ g ◦ µ : Y˜ 99K Y˜ be the rational map
induced by g. (Since g(y) ∈ V and µ is isomorphic over V , µ−1 ◦ g ◦ µ
is well-defined.) Then by [14, Theorem 3.4(i)], αg˜(y˜) exists and equals
αg(y) since αg(y) exists. (Note that [14, Theorem 3.4(i)] works for
possibly non-dominant rational maps f, g.) Choose height function
hA+E so that hA+E = hpi∗H ◦ µ. Then
hpi∗H(g
n(y)) = hA+E(g˜
n(y˜)).(2.2)
Since the g˜-orbit of y˜ does not intersect with SuppE, we have
hA+E(g˜
n(y˜)) ≥ hA(g˜
n(y˜)) +O(1)(2.3)
where hA is a height associated with A. Here, we use the fact that any
height function associated with an effective divisor is bounded below
outside the support of the divisor (cf. [7, Theorem B.3.2.(e)]). If C > 0
is a positive number with CA− (A+ E) is ample, we have
hA+E(g˜
n(y˜)) ≤ ChA(g˜
n(y˜)) +O(1).(2.4)
By (2.1), (2.2), (2.3) and (2.4), we have
hA(g˜
n(y˜)) +O(1) ≤ hH(f
n(x)) ≤ ChA(g˜
n(y˜)) +O(1).
Since αg˜(y˜) = limn→∞max{1, hA(g˜
n(y˜))}1/n exists and is equal to αg(y),
we get limn→∞ hH(f
n(x))1/n = αg(y). 
92.4. Kawaguchi-Silverman conjecture. In [9], Kawaguchi and Sil-
verman formulated the following conjecture.
Conjecture 2.9. Let X be a smooth quasi-projective variety and f : X 99K
X a dominant rational map, both defined over Q. Let x ∈ Xf (Q).
(1) The limit defining αf(x) exists.
(2) The arithmetic degree αf (x) is an algebraic integer.
(3) The collections of the arithmetic degrees {αf(x) | x ∈ Xf (Q)}
is a finite set.
(4) If the orbit Of(x) = {f
n(x) | n = 0, 1, 2, . . .} is Zariski dense
in X, then αf (x) = δf .
Remark 2.10. In [9], the conjecture is formulated for smooth projec-
tive varieties. Of course, quasi–projective version of the conjecture is
equivalent to the projective version.
Remark 2.11. For any dominant rational map f , the arithmetic de-
grees are bounded by the dynamical degree:
αf(x) ≤ δf
for every x ∈ Xf(Q) [9], [13, Theorem 1.4].
Remark 2.12. IfX is projective and f is a morphism, then Conjecture
2.9 (1)(2)(3) are true [8, Theorem 3].
Remark 2.13. Conjecture 2.9 is verified in several cases. We refer to
[14, Remark 1.8, Theorem 1.3] for details.
The following results are used later.
Theorem 2.14. [8, Theorem 4],[18, Theorem 4, Corollary 32],[19, The-
orem 2]
(1) For any self-morphisms of abelian varieties, Conjecture 2.9 is
true.
(2) Let X be an algebraic torus and f : X −→ X be a homomor-
phism. Then Conjecture 2.9 is true for f . Moreover, let F (t) be
the minimal monic polynomial of f as an element of End(X)Q
and F (t) = te0F1(t)
e1 · · ·Fr(t)
er the irreducible decomposition.
Then A(f) = {1, ρ(F1), . . . , ρ(Fr)}.
3. Splitting lemma
In this section, the ground field is an algebraically closed field of
characteristic zero. Let X be a a semi-abelian variety, i.e. a com-
mutative algebraic group that is an extension of an abelian variety
by an algebraic torus. Note that X is divisible i.e. the morphism
X −→ X ; x 7→ nx is surjective for every n > 0.
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Lemma 3.1. Let f : X −→ X be a homomorphism. Let F (t) ∈ Z[t]
be a polynomial such that F (f) = 0 in End(X). Suppose F (t) =
F1(t)F2(t) where F1, F1 ∈ Z[t] are coprime in Q[t]. Set X1 = F2(f)(X)
and X2 = F1(f)(X). Then X = X1 + X2 and X1 ∩ X2 is finite. In
other words, the morphism X1 × X2 −→ X ; (x1, x2) 7→ x1 + x2 is an
isogeny.
Proof. See [19, Lemma 5]. 
In the situation of Lemma 3.1, write fi = f |Xi. Then Fi(fi) = 0 and
we have the following commutative diagram:
X1 ×X2
f1×f2
//
pi

X1 ×X2
pi

X
f
// X.
Here pi is the isogeny defined by pi(x1, x2) = x1 + x2.
Since X is divisible, we have End(X) ⊂ End(X)⊗ZQ. Let f ∈
End(X) and F (t) ∈ Z[t] be the monic minimal polynomial of f as an
element of End(X)⊗ZQ. (The monic minimal polynomial has integer
coefficients because those of endomorphisms of a torus and an abelian
variety have integer coefficients.) Let
F (t) = F0(t)
e0F1(t)
e1 · · ·Fr(t)
er
be the decomposition into irreducible factors where F0(t) = t, e0 ≥ 0,
ei > 0, i = 1, . . . , r and Fi(t) are distinct monic irreducible polynomials.
Note that r is possibly zero. Set
Xi = F0(f)
e0 · · ·Fi−1(f)
ei−1Fi+1(f)
ei+1 · · ·Fr(f)
er(X)
and fi = f |Xi. Here, Xi are also (semi-)abelian varieties since they
are images of a (semi-)abelian variety. Then we get the commutative
diagram
X0 × · · · ×Xr
f0×···×fr
//
pi

X0 × · · · ×Xr
pi

X
f
// X
where pi(x0, . . . , xr) = x0 + · · · + xr. Note that the monic minimal
polynomial of fi as an element of End(Xi)⊗ZQ is Fi(t)
ei. Note that
f is surjective if and only if e0 = 0 and if this is the case, we have
δf = δf0×···×fr = max{δf1 , . . . , δfr} (cf. Remark 2.2).
4. Arithmetic and dynamical degrees of isogenies of
abelian varieties
Theorem 4.1 (Theorem 1.1(3) for abelian varieties). Let X be an
abelian variety and f : X −→ X be a homomorphism, both defined
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over Q. Let F (t) be the monic minimal polynomial of f as an element
of End(X)Q and
F (t) = te0F1(t)
e1 · · ·Fr(t)
er
the irreducible decomposition in Q[t] where e0 ≥ 0 and ei > 0 for
i = 1, . . . , r. Then we have
A(f) = {1, ρ(F1)
2, . . . , ρ(Fr)
2}
Theorem 4.2 (Theorem 1.3 for isogenies of abelian varieties). Let X
be an abelian variety and f : X −→ X an isogeny, both defined over
Q. Suppose that the minimal polynomial of f has no irreducible factor
that is a cyclotomic polynomial. Then for any x ∈ X(Q),
αf(x) = 1 ⇐⇒ # Of(x) <∞ ⇐⇒ x ∈ X(Q)tors
where X(Q)tors is the set of torsion points.
Lemma 4.3. Let X be an abelian variety of dimension g over an
algebraically closed field of characteristic zero and f : X −→ X an
isogeny. Let P (t) be the monic minimal polynomial of f as an element
of End(X)Q, which has integer coefficient, and ρ the maximum among
the absolute values of the roots of P (t). Then we have δf = ρ
2.
Remark 4.4. The minimal polynomial of f as an element of End(X)Q
is equal to the minimal polynomial of Tl(f) for every prime number l.
If the ground field is C, these are also equal to the minimal polynomial
of the analytic representation of f .
Proof. By the Lefschetz principle, we may assume that the ground field
is C. Let X = Cg/Λ, where Λ is a lattice in Cg. Let fr : Λ −→ Λ be the
rational representation and fa : C
g −→ Cg the analytic representation
of f .
We have a natural isomorphism Hr(X ;Z) ≃ HomZ(
∧r Λ,Z) (cf. [15,
§1 (4)]). If we identify Hr(X ;Z) with HomZ(
∧r Λ,Z) by this isomor-
phism, then f ∗ : Hr(X ;Z) −→ Hr(X ;Z) is (
∧r fr)∗. Therefore, the
eigenvalues of f ∗ are products of r eigenvalues of fr. Since fa|Λ = fr,
the characteristic polynomial of fr as an R-linear map isQ(t)Q(t) where
Q(t) is the characteristic polynomial of fa as a C-linear map. (Take
a basis e1, . . . , eg of C
g so that fa is represented by an upper triangu-
lar matrix. Then compute the characteristic polynomial of fa, fr using
bases {e1, . . . , eg}, {e1, ie1, . . . , eg, ieg} respectively.) Note that the set
of roots of P (t) and Q(t) are the same. Therefore, the spectral radius
of f ∗ : H2(X ;Z)⊗ZR −→ H
2(X ;Z)⊗ZR is equal to the square of spec-
tral radius of fr. Note that the spectral radius of f
∗ y H2(X ;Z) is
equal to the spectral radius of f ∗ y H1,1(X) (cf. the inequality above
Proposition 4.4 in [5]), this proves the theorem. 
Now, let X be an abelian variety and f : X −→ X a homomorphism,
both defined over Q. Let F (t) be the monic minimal polynomial of f
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and
F (t) = te0F1(t)
e1 · · ·Fr(t)
er
the decomposition into irreducible factors in Q[t]. Here Fi are distinct
monic irreducible polynomial in Z[t] with Fi(0) 6= 0. Write F0(t) = t.
Set
Xi = F0(f)
e0 · · ·Fi−1(f)
ei−1Fi+1(f)
ei+1 · · ·Fr(f)
er(X).
Then by §3, we have the following commutative diagram:
X0 × · · · ×Xr
f0×···×fr
//
pi

X0 × · · · ×Xr
pi

X
f
// X.
Here, the vertical arrows are isogenies. Note that the minimal polyno-
mial of fi is Fi(t)
ei.
Lemma 4.5. Let f : X −→ X be an isogeny over Q such that the
minimal polynomial of f is the form of F (t)e where F is an irreducible
monic polynomial in Z[t]. For any x ∈ X(Q), if αf (x) < δf , then x is
a torsion point. In particular, x is a f -preperiodic point and αf (x) = 1.
Remark 4.6. Note that αf(x) < δf happens only if δf > 1. In the
above situation, δf = 1 if and only if F (t) is a cyclotomic polynomial.
This follows from Lemma 4.3 and the fact that if the absolute value of
every root of an irreducible monic polynomial with integer coefficients
is less than or equal to one, then the polynomial is cyclotomic.
Proof. We prove the claim by induction on dimX . If dimX = 0, there
is nothing to prove. Suppose dimX = d > 0 and the claim holds
for dimension < d. Take a nef R-divisor D such that f ∗D ≡ δfD.
Let q be the quadratic part of the canonical height of D, i.e. q(x) =
limn→∞ hD(nx)/n
2. By [8, Theorem 29, Lemma 31], there exists a
f -invariant subabelian variety Y ( X such that
{x ∈ X(Q) | q(x) = 0} = Y (Q) +X(Q)tors.
Assume αf (x) < δf . Then x = y + z for some y ∈ Y (Q) and some
torsion point z. It is enough to show that y is a torsion point. If Y
is a point, we are done. Suppose dimY > 0. Since Y is f -invariant,
the minimal polynomial of f |Y divides F (t)
e and is not equal to 1.
Thus δf |Y = δf > αf(x) = αf (y) = αf |Y (y). Here, we use the fact
that αf(x) = αf (y + z) = αf (y). This follows from the definition of
arithmetic degree and the fact that the Neron-Tate height associated
with a symmetric ample divisor is invariant under torsion translate.
By the induction hypothesis, y is a torsion point. 
Proof of Theorem 4.1. We use the notation of §3. Set fi = f |Xi. By
[19, Lemma 6], A(f) = A(f0 × · · · × fr). Since αfi(0) = 1 and
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αf0×···×fr(x0, . . . , xr) = max{αf0(x0), . . . , αfr(xr)} (see Lemma 2.6), we
have A(f0×· · ·×fr) = A(f0)∪· · ·∪A(fr). Note that A(f0) = {1} since
f e00 = 0. By Lemma 4.5 and the fact that there always exists a point
whose arithmetic degree equals the dynamical degree (cf. [8, Corol-
lary 32] or [14, Theorem 1.6]), we have A(fi) = {1, δfi} for i = 1, . . . , r.
Thus A(f) = {1, δf1 , . . . , δfr}. By Lemma 4.3, δfi is equal to ρ(Fi)
2. 
Proof of Theorem 4.2. By §3, we may assume the minimal polynomial
of f is the form of F (t)e where F is an irreducible polynomial that
is not cyclotomic. Then ρ(F ) is greater than one. Thus δf > 1. By
Lemma 4.5, if αf(x) = 1 then x is a torsion point. 
5. Arithmetic and dynamical degrees of self-morphisms
of semi-abelian varieties
5.1. Dynamical degrees. In this subsection, the ground field is an
algebraically closed field of characteristic zero.
Proposition 5.1. Let X be a semi-abelian variety. Let f : X −→ X
be a surjective group homomorphism. Let
0 // T // X
pi
// A // 0
be an exact sequence with T a torus and A an abelian variety. Then f
induces surjective group homomorphisms
fT := f |T : T −→ T
g : A −→ A
with g ◦ pi = pi ◦ f . Then we have
δf = max{δg, δfT }
Remark 5.2. This follows from the product formula of dynamical
degrees ([4, Theorem 1.1]) and [4, Remark 3.4]. To apply [4, Remark
3.4], just take the standard compactification of X as in [21, §2 (2.3)].
[4, Theorem 1.1] and [4, Remark 3.4] are based on analytic methods,
so we give an algebraic proof of Proposition 5.1 below.
Lemma 5.3. Let X
f
//❴❴❴ Y
g
//❴❴❴ Z be rational maps of smooth pro-
jective varieties. Suppose f(X \ If) 6⊂ Ig where If , Ig are the indeter-
minacy loci of f, g. Then for any free divisor H on Z, we have
(g ◦ f)∗H ≤ f ∗(g∗H).
Here, for divisor classes A and B, A ≤ B means B −A is represented
by an effective divisor.
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Proof. Take resolutions piX , piY as follows:
X˜
piX

f˜

❃❃
❃❃
❃❃
❃❃
Y˜
piY

g˜

❃❃
❃❃
❃❃
❃❃
X
f
//❴❴❴ Y g
//❴❴❴ Z
where X˜, Y˜ are smooth projective varieties and piY : pi
−1
Y (Y \Ig) ≃ Y \Ig.
Then
(g ◦ f)∗H = piX∗f˜
∗g˜∗H
f ∗(g∗H) = piX∗f˜
∗pi∗Y piY ∗g˜
∗H.
Since g˜∗H is free, the divisor pi∗Y piY ∗g˜
∗H− g˜∗H is represented by an ef-
fective divisor with support contained in the exceptional locus Exc(piY )
of piY . Since f˜(X˜) 6⊂ Exc(piY ), we have piX∗f˜
∗(pi∗Y piY ∗g˜
∗H − g˜∗H) ≥
0. 
Proof of Proposition 5.1. We will write the multiplication of the groups
X,A, T by addition. Take a non-empty open subset U ⊂ A and a sec-
tion s : U −→ pi−1(U) of pi. (There exists such a section because of the
structure theorem of semi-abelian varieties [21, Lemma 2.2].) Then
pi−1(U)
∼
// U × T
P
∈
✤
// (pi(P ), P − s(pi(P ))).
∈
By this isomorphism, f is conjugate to the rational map
A× T
f˜
//❴❴❴❴❴❴❴❴ A× T
(x, y)
∈
✤
// (g(x), fT (y) + h(x))
∈
where h(x) = f(s(x)) − s(g(x)). Note that h is defined on V :=
U∩g−1(U) and h(V ) ⊂ T . Fix a compactification T ⊂ T = P1×· · ·×P1.
The rational map A× T 99K A× T defined by f˜ is also denoted by f˜ .
Claim 5.4. Let m : T × T 99K T be the rational map defined by the
multiplication morphism T × T −→ T . Then, for any divisor D on T ,
m∗D ∼ pr∗1D + pr
∗
2D.
Proof. We can write m∗D ∼ pr∗1D1 + pr
∗
2D2 where D1, D2 are divisors
on T . Let 1 ∈ T be the neutral element. Let i : T −→ T × T be the
map defined by i(t) = (t, 1). Then, i(T ) ∩ Im = ∅. Therefore, we have
D1 ∼ i
∗m∗D = (m ◦ i)∗D = D. In the same way, we can show that
D2 ∼ D. 
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Since T is a product of P1, we have CH1(A × T ) = pr∗1CH
1(A) ⊕
pr∗2CH
1(T ) ≃ CH1(A)⊕ CH1(T ).
Claim 5.5. We have
f˜ ∗ =
(
g∗ h∗
0 f ∗T
)
: CH1(A)⊕ CH1(T ) −→ CH1(A)⊕ CH1(T ).
Proof. It is enough to prove the following two statements:
(1) f˜ ∗ pr∗1HA = pr
∗
1 g
∗HA for every ample divisor HA on A.
(2) f˜ ∗ pr∗1HT = pr
∗
1 h
∗HT +pr
∗
2 f
∗
THT in CH
1(A×T ) for every very
ample divisor HT on T .
(1) Since pr1 is a morphism, we have
f˜ ∗ pr∗1HA = (pr1 ◦f˜)
∗HA = (g ◦ pr1)
∗HA = pr
∗
1 g
∗HA.
(2) First, in CH1(A× T ), we have
f˜ ∗ pr∗2HT = (pr2 ◦f˜)
∗HT
= (m ◦ (h× fT ))
∗HT
≤ (h× fT )
∗m∗HT by Lemma 5.3
= (h× fT )
∗(pr∗1HT + pr
∗
2HT ) by Claim 5.4
= pr∗1 h
∗HT + pr
∗
2 f
∗
THT .
Now take an effective divisor E on A × T that represents the class
(h× fT )
∗m∗HT − (m ◦ (h× fT ))
∗HT . For a general closed point a ∈ A,
SuppE does not contain {a} × T . Let ia : T = {a} × T ⊂ A × T be
the inclusion. Since i∗aE is effective, we have
i∗a(f˜
∗ pr∗2HT ) ≤ i
∗
a(pr
∗
1 h
∗HT + pr
∗
2 f
∗
THT ) = f
∗
THT .
Similarly, if b ∈ T is a general closed point and jb : A = A×{b} ⊂ A×T
is the inclusion, we have
j∗b (f˜
∗ pr∗2HT ) ≤ j
∗
b (pr
∗
1 h
∗HT + pr
∗
2 f
∗
THT ) = h
∗HT .
Therefore, if we write f˜ ∗ pr∗2HT = pr
∗
1D1 + pr
∗
2D2 where D1 and D2
are divisor classes on A and T respectively, we have proved
D1 ≤ h
∗HT , D2 ≤ f
∗
THT .
On the other hand, for a general a ∈ V ⊂ A, {a}×T is not contained
in the indeterminacy locus of f˜ , and pr2 ◦f˜ ◦ ia = Th(a) ◦ fT . Here, the
translation Th(a) defines an automorphism on T and induces identity
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on CH1(T ). Thus
f ∗THT = f
∗
TT
∗
h(a)HT = (Th(a) ◦ fT )
∗HT
= (pr2 ◦f˜ ◦ ia)
∗HT = (f˜ ◦ ia)
∗ pr∗2HT
≤ i∗af˜
∗ pr∗2HT by Lemma 5.3
= i∗a(pr
∗
1D1 + pr
∗
2D2) = D2.
Hence we get D2 ≤ f
∗
THT ≤ D2 and therefore D2 = f
∗
THT .
Similarly, since A× {1} is not contained in the indeterminacy locus
of f˜ , we have
h∗HT = (pr2 ◦f˜ ◦ j1)
∗HT = (f˜ ◦ j1)
∗ pr∗2HT
≤ j∗1 f˜
∗ pr∗2HT by Lemma 5.3
= j∗1(pr
∗
1D1 + pr
∗
2D2) = D1.
Thus D1 = h
∗HT .

Note that (˜fn) = f˜n. Set hn = f
n ◦ s− s ◦ gn. Then we have
(f˜n)∗ =
(
(gn)∗ h∗n
0 (fnT )
∗
)
.
Note also that N1(A × T ) = (CH1(A)/ ≡) ⊕ CH1(T ) and the action
of (f˜n)∗ on N1(A × T ) is in the same form. By [9, Theorem 15],
δf˜ = limn→∞ ρ((f˜
n)∗|N1(A×T ))
1/n. Thus
δf = δf˜ = limn→∞
max{ρ((gn)∗|N1(A)), ρ((f
n
T )
∗|N1(T ))}
1/n = max{δg, δfT }.

Lemma 5.6. Let f : X −→ X be a surjective homomorphism of a
semi-abelian variety X and a ∈ X a closed point. Then δTa◦f = δf .
Proof. Let X be the standard compactification of X as in [21, §2 (2.3)].
Then Ta extends to an automorphism of X , which we also denote by
Ta, and the pull-back T
∗
a : N
1(X) −→ N1(X) is the identity. (We can
deduce these facts from the description of the group law in terms of
the compactification, cf. [21, the proof of Proposition 2.6].) Thus, as
an endomorphisms of N1(X), we have
((Ta ◦ f)
n)∗ = (Tb ◦ f
n)∗ = (fn)∗ ◦ T ∗b = (f
n)∗
where b = a + f(a) + · · ·+ fn−1(a). Therefore,
δTa◦f = lim
n→∞
‖((Ta ◦ f)
n)∗‖1/n = lim
n→∞
‖(fn)∗‖1/n = δf
where ‖·‖ is a norm on EndR(N
1(X)R). 
Proof of Theorem 1.6. (2) is Lemma 5.6. (1) follows from Proposition
5.1, Lemma 4.3 and Remark 1.7. 
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5.2. Kawaguchi-Silverman conjecture and arithmetic degrees.
In this subsection, the ground field is Q.
Lemma 5.7. Let f : X −→ X be a surjective group homomorphism of
a semi-abelian variety. Fix an exact sequence
0 // T // X
p
// A // 0.
The morphisms induced by f is denoted by
fT : T −→ T
g : A −→ A.
Suppose the minimal polynomial of f as an element of End(X)⊗ZQ
is the form of F (t)e where F (t) is a monic irreducible polynomial that
is not cyclotomic and e > 0. (Note that the minimal polynomial is
automatically monic with integer coefficient because it is the case for
fT and g.) Then, for x ∈ X(Q), either
(1) Og(p(x)) is infinite and αf (x) = δf or,
(2) p(x) is a torsion point and αf (x) = 1 or δfT .
Moreover,
A(f) = {1, δfT , δg} =

{1, ρ(F )} if X = T ,
{1, ρ(F )2} if X = A,
{1, ρ(F ), ρ(F )2} otherwise.
Lemma 5.8. Let X be a semi-abelian variety and f : X −→ X be an
isogeny. Let x ∈ X(Q) be a point and n > 0 a positive integer. If
αf(nx) exists, then αf(x) also exists and αf (nx) = αf(x).
Proof. Let h0, h1 and h = h0+h1 be the canonical height function on X
that are defined in [16, §3]. Then, we have h(fm(nx)) = h(nfm(x)) =
nh0(f
m(x)) + n2h1(f
m(x)) for m > 0. Therefore,
1
n2
h(fm(nx)) ≤ h(fm(x)) = h0(f
m(x)) + h1(f
m(x)) ≤ h(fm(nx)).
Taking m-th root and limit as m→∞, we get the claim. 
Proof of Lemma 5.7. First of all, we have
δf = max{δg, δfT } = max{ρ(F )
2, ρ(F )} = ρ(F )2 = δg
(see Theorem 2.14(2), Proposition 5.1, Lemma 4.3). By Lemma 4.5,
we have
αg(p(x)) =
{
1 if p(x) is torsion
δg = δf otherwise.
Note that, by Lemma 2.7 and Remark 2.2 (3), we have αg(p(x)) ≤
αf(x) ≤ δf . Thus, if αg(p(x)) = δf , αf(x) exists and is equal to δf .
Now, suppose p(x) is a torsion point. Take a positive integer n such
that np(x) = 0. Then nx ∈ T and therefore αf(nx) = αfT (nx) exists
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and is equal to 1 or ρ(F ) = δfT (Theorem 2.14(2)). By Lemma 5.8,
αf(x) exists and is equal to 1 or δfT .
The claim A(f) = {1, δfT , δf} follows from the facts that A(fT ) =
{1, δfT } (Theorem 2.14(2)), A(g) = {1, δg} (Lemma 4.5) and αf(x) ≥
αg(p(x)) (Lemma 2.7). 
Lemma 5.9. Let f : X −→ X be a homomorphism of a semi-abelian
variety. Let F (t) be the minimal monic polynomial of f . Assume
F (1) 6= 1. Let a ∈ X(Q) be any point. Then there exists a point
b ∈ X(Q) such that h := Tb ◦ (Ta ◦ f) ◦ T−b is a homomorphism. For
every such b, the minimal polynomial of h is also F (t).
Proof. Since F (1) 6= 1, f − id is surjective. For any b ∈ X(Q) with
f(b)−b = a, the morphism Tb◦(Ta◦f)◦T−b is a group homomorphism.
Now we prove the second part. By symmetry, it is enough to prove
F (h) = 0. We have
hn = Tb ◦ (Ta ◦ f)
n ◦ T−b = Tb ◦ Ta+f(a)+···+fn−1(a) ◦ f
n ◦ T−b.
Note that since h is a homomorphism, we have h(0) = 0, in other
words, a = (f − id)(b). Thus
hn = Tb ◦ Tfn(b)−b ◦ f
n ◦ T−b = Tfn(b) ◦ f
n ◦ T−b.
Therefore, for any x ∈ X(Q)
F (h)(x) = F (f)(b) + F (f)(x− b) = 0.

Proof of Theorem 1.1. LetX be a semi-abelian variety and first assume
f : X −→ X is a homomorphism. We use the notation of §3. Apply
Lemma 2.8 for a suitable smooth compactification of
X0 × · · · ×Xr
f0×···×fr
//
pi

X0 × · · · ×Xr
pi

X
f
// X.
By Lemma 5.7, αfi(x) exists for every i and every point x ∈ Xi(Q).
Therefore, by Lemma 2.6 and Lemma 2.8, A(f) = A(f0 × · · · × fr) =
A(f0) ∪ · · · ∪ A(fr). Since f0 is nilpotent, A(f0) = {1}. If Fi is a
cyclotomic polynomial, then δfi = 1 and A(fi) = {1}. Therefore by
Lemma 5.7, we have
A(f) = A(f1) ∪ · · · ∪A(fr)
= {1} ∪A1 ∪ · · · ∪Ar.
Now, consider any self-morphism of X . Any self-morphism is the
form of Ta ◦ f where Ta is the translation by a ∈ X(Q) and f is a ho-
momorphism. There exist points ai ∈ Xi(Q) such that pi(a0, . . . , ar) =
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a0 + · · ·+ ar = a. Then we have the following commutative diagram:
X0 × · · · ×Xr
f0×···×fr
//
pi

X0 × · · · ×Xr
pi

Ta0×···×Tar
// X0 × · · · ×Xr
pi

X
f
// X
Ta
// X.
As above, we have A(Ta ◦ f) = A
(
(Ta0 ◦ f0)×· · ·× (Tar ◦ fr)
)
. Since f0
is nilpotent, every orbit of Ta0 ◦ f0 is finite and therefore A(Ta0 ◦ f0) =
{1} = A(f0). If Fi(t) is a cyclotomic polynomial, by Lemma 5.6 we
have δTai◦fi = δfi = 1 and therefore A(Tai ◦ fi) = {1} = A(fi). If
Fi(t), i ≥ 1 is not a cyclotomic polynomial, by Lemma 5.9, Tai ◦ fi is
conjugate by a translation to a group homomorphism hi with minimal
polynomial F eii . In particular, A(Tai ◦ fi) = A(hi) = A(fi). Therefore
A
(
(Ta0 ◦ f0)× · · · × (Tar ◦ fr)
)
= A(Ta0 ◦ f0) ∪ · · · ∪ A(Tar ◦ fr)
= A(f0) ∪ · · · ∪A(fr) = A(f).
If the Ta ◦ f -orbit of a point x ∈ X(Q) is Zariski dense, then by
Lemma 2.6 and Lemma 5.7, we have
αf(x) = max{δhi = δfi | Fi is not a cyclotomic polynomial} = δf .

Proof of Theorem 1.3. Since F (1) 6= 1, by Lemma 5.9, there exists a
point b ∈ X(Q) such that T−b ◦ f ◦ Tb is a homomorphism. Thus it
is enough to prove the equivalence of (1), (2) and (3) for every homo-
morphism f and b = 0. (3) ⇒ (2). This follows from the fact that
the set of n-torsion points of X is finite for each n > 0 and that the
image of an n-torsion point by a homomorphism is also an n-torsion
point. (2) ⇒ (1) is trivial. To prove (1) ⇒ (3), let x ∈ X(Q) be
a point with αf (x) = 1. By §3, we may assume that the minimal
polynomial of f is the form of F (t)e where F is an irreducible monic
polynomial that is not cyclotomic. We use the notation of Lemma
5.7. By Theorem 4.2 and the inequality αf(x) ≥ αg(p(x)), p(x) is a
torsion point. Take n > 0 so that np(x) = 0. Then nx ∈ T . By
Lemma 5.8, αfT (nx) = αf (nx) = αf(x) = 1. Since the minimal poly-
nomial of fT divides F (t)
e, we can use [18, Proposition 21(d)] and have
nx ∈ T (Q)tors. Hence x ∈ X(Q)tors. 
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